We explore a semi-classical scheme for cooling and excitation of mechanical oscillations of a suspended carbon nanotube which is incorporated as a deflection-sensitive resistor in an LRC-circuit. The active feedback consists of a magnetically induced Lorentz force. We show that, for feasible experimental parameters, we can obtain self-sustained oscillations or cooling by several orders of magnitude. 85.35.Kt, 85.85.+j 
Introduction
Much current research on the electro-mechanics of carbon nanotubes (CNT) points in two directions which, in some cases, reveal themselves as two sides of the same coin. The first approach deals with the question of how, in the most efficient and reliable way, to excite mechanical oscillations of carbon nanotubes using a timeindependent electronic input signal. This is often referred to as 'self-oscillation'. The other direction concerns the problem of how to suppress the spontaneous thermal motion of the mechanical resonator (cooling). What these problems have in common is that they ultimately depend on two mechanisms: Firstly, there must be some kind of force (radiation pressure, electrostatic attraction, Lorentz force) acting on the nanotube. Secondly, there must also be some mechanism by which the electronic subsystem senses the motion of the nanotube. To date, most selfoscillation schemes rely on an electrostatic attraction between the nanotube and a counter-electrode in combination with a distance-dependent field emission of electrons [1] [2] [3] [4] [5] . On the other hand, today there are numerous different schemes for cooling of nanotubes, many of which utilize a magnetic field [6] [7] [8] [9] . In a recent paper [10] we proposed a constant-current biased oscillator device whose feedback mechanisms consisted of the nanotube's displacement-sensitive resistance and a Lorentz force induced by a uniform magnetic field. A major advantage with this scheme is that a displacement-sensing resistance can be implemented using a gate electrode which can be placed at a relatively large distance from the nanotube [11] [12] [13] [14] [15] . Moreover, our analysis showed that mechanical self-oscillations accompanied by oscillations in the voltage across the trench could be obtained at reasonably low voltages and magnetic fields.
In this paper, we explore a similar semi-classical scheme in which the nanotube acts instead as a displacementsensitive resistor in an LRC-circuit subjected to a magnetic field. One reason to consider this kind of circuit is that, by introducing an inductance to the system, the driving voltage could be pushed even lower, possibly to the order of millivolts. We show that the instability conditions for the voltage-biased device differ qualitatively from those of the current-biased oscillator. We develop the model also in the opposite direction to show that our devices could conceivably be used for damping the nanotube's thermal motion.
The setup
The proposed experimental setup is shown in Figure 1 . A (semiconducting) carbon nanotube is suspended over a gate electrode and subjected to a homogeneous magnetic field H perpendicular to the direction of the current and parallel to the gate electrode. We assume that only the fundamental bending mode is excited to any appreciable degree and we make the Ansatz ( ) = ( ) 0 ( ) for the mechanical deflection, where 0 ( ) is the normalized profile of the fundamental mode [16] . This is motivated by the fact that the Lorentz force, which is the active feedback on the nanotube, is almost uniform across the tube and therefore has most effect on the fundamental mode. The conductivity of the nanotube is a function of the concentration of charge carriers which, in turn, is the product of the gate voltage V and the mutual capacitance C ( ) between the nanotube and the gate electrode. The reason why the resitance R( ) changes when the nanotube bends is because C ( ) depends on the distance between the nanotube and the gate. For our purposes, the important quantity to be drawn from the electro-mechanical coupling is the characteristic length defined by
For feasible experimental parameters, we estimate the characteristic length to lie somewhere in the interval 0 1 − 1 µm; for details, see Ref. [10] . Obviously, one can equally well consider other causes of the coupling such as the effect of pure mechanical strain [17] [18] [19] and the considerations below remain valid given any deflectionsensitive resistance. When the CNT is connected to an external voltage source V 0 , a Lorentz force proportional to the current through the nanotube and the magnetic field causes a deflection of the CNT. As mentioned before, if the bending of the nanotube is on a scale much smaller than its length, the Lorentz Figure 1 . A (semiconducting) carbon nanotube suspended over a gate electrode. The circuit is held under a constant bias voltage while the nanotube is subjected to a homogeneous magnetic field perpendicular to the direction of the current. Furthermore we assume that there is some capacitance and inductance in the system. A Lorentz force proportional to both the current through the nanotube and the magnetic field causes a deflection of the tube, which in turn changes the resistance. The inset on top shows the electric circuit.
force could be considered uniform and directed vertically at every point. If we assume that the mechanical motion is described by the Euler-Bernoulli equation for an elastic beam, we arrive at the following set of equations for the time evolution of the voltage drop across the nanotube V ( ), the current I( ) and the amplitude of the fundamental mode ( ):
Here and L are the effective mass and length of the suspended part of the nanotube, κ and γ are the effective spring and damping constants, C is the capacitance of the junction and is the total inductance of the circuit. The system of equations (2) has a time independent solution given by
Switching to the dimensionless parameters
the system of equations may be written (time differentiation now with respect to τ)
where
is the dimensionless conductance,
κ the eigenfrequency of the fundamental mode,
is the LC-frequency,
is the quality factor and
is the electro-mechanical coupling parameter. The sign of β 0 is negative when the carbon nanotube is pushed towards increasing resistance, and positive when the nanotube is pushed towards decreasing resistance. As we will now show, the sign of β 0 together with the ratio of the frequencies ω 0 and ω L determine whether we have pumping or damping of the mechanical motion in the system. If |β 0 | 1 we can assume that the mechanical motion follows a sinusoidal path β(τ) = A(τ) sin(τ) where the amplitude A(τ) varies slowly on the time scale of the rapid oscillations. We then make the Ansätze = 0 + A 1 + A 2 2 + , ψ = ψ 0 + Aψ 1 + A 2 ψ 2 + and put them into the equations (5)- (6) and solve for each power of A successively [20] . Given these solutions, if we equate the cosine terms to the first power of A on both sides of equation (4) we get the following expression forȦ:
From this we see that if β 0 S < 0 the electronic circuit pumps energy into the mechanical resonator and if β 0 S > 0 we have increased damping. The efficiency of either effect is dependent on the magnitude of the succeptibility S, which attains its absolute maximum of 1 2 when
It should also be noted that the susceptibility is zero precisely when ω 0 = ω L .
Cooling
We now assume that β 0 S > 0 and model the effect of the environment as a stochastic force F (τ) coming from a white noise, that is F ( )F ( ) = Γδ( − ). Now consider the equation
It is known from statistical mechanics that for equation (11) the time average of the displacement squared β 2 obeys β 2 ∼ QΓ (12) As elucidated in the previous section, for small amplitudes the effect of the coupling of the nanotube to the electronic circuit can be treated as equivalent to a change in the effective damping constant:
If we assume that Γ remains constant and define the effective temperature T as proportional to (β − β 0 ) 2 we obtain the following simple expression for the cooling coefficient:
where T 0 denotes the environmental temperature. A similar semi-classical treatment of a cooling micro-mechanical resonator can be found in Ref. [6] , where they analyze a system with a mechanical resonator coupled to a magnetic field and and a superconducting flux qubit. In reality, the assumption that Γ remains constant would probably have to be modified somewhat, but it falls outside the scope of the present paper to evaluate any effect of increased thermal diffusion resulting from the applied voltage and magnetic field. For a high-performing yet realistic device we could estimate that
N/m, Q ≈ 10 4 − 10 5 and I 0 ≈ 0 1 µA for which we obtain (assuming maximum succeptibility) a theoretical cooling coefficient of the order
The magnetic field could of course be pushed higher, but, one should carefully consider how the static deflection of the nanotube could affect other system parameters such as the characteristic length. A computer simulation aimed at illustrating the cooling process is presented in Figure 2 . The system of equations (4)- (6) were solved with a stochastic force F (τ) ∈ N(0 0 01) added to the right hand side of equation (4). The other system parameters were chosen to be ω L = 2ω 0 , ω R = 3ω 0 , Q = 100, and the conductance was chosen as 
Self excitation
For small coupling parameters and high quality factors we already have an approximate condition for instability given by equation (8) . However, a general condition that holds exactly for all parameter values can be obtained by a linear stability analysis of the time independent solution (3). The secular equation for the Lyapunov exponents λ reads:
When some of the solutions to equation (15) have a positive real part, small deviations from the stationary solution (3) will grow exponentially during a certain time interval and eventually lead to a stationary state characterized by oscillations in all variables. By the use of for example the argument principle from complex analysis, one can show that two of the Lyapunov exponents satisfying equation (15) have positive real part when
where the critical electro-mechanical coupling parameter β is given by
We see that β is negative for ω L > ω 0 and positive for ω L < ω 0 , with a singularity at ω L = ω 0 . This is all in accordance with our previous analysis. With the same estimates as before
, for a quality factor Q ≈ 10 3 the critical magnetic field for the onset of instability H need not be larger than of the order H ≈ 0 1 T. Of particular interest is the low capacitance limit (C → 0) for which equation (17) reduces to
By letting the capacitance go to zero we have, in effect, excluded the charge as a variable of the system and the relation between the voltage drop over the nanotube and the current is simply given by Ohm's Law: V = IR( ). As we can see, in this case the critical coupling parameter is always negative and, if we assume a large quality factor, it reaches an absolute minimum approximately when
. In the limit of zero capacitance, the deviation of the time averaged current I from the stationary current I 0 can be derived using the same perturbation technique described earlier:
Hence the drop (or rise) in the time averaged current provides a measurable signature of the amplitude of the mechanical motion squared. The same phenomenon, but expressed in terms of a rise (or drop) in the time averaged voltage, was derived in our previous paper [10] .
In both cases, if we assume that the conductance of the nanotube varies approximately linearly with displacement ( (β 0 ) = 0), the motion of the nanotube effectively increases the resistance in the circuit. We note in passing that a drop in the time averaged current is something that often occurs in experiments on carbon nanotube self oscillations [1] .
Concluding remarks
To summarize: using a semi-classical approach, we have analyzed a system where a suspended carbon nanotube acts as a deflection-sensitive resistor in an LRC-circuit subjected to a magnetic field. We demonstrated the possibility of cooling the mechanical motion by several orders of magnitude and the possibility of exciting selfsustained oscillations. Typically, switching between these two regimes requires nothing more than reversing the direction of the applied magnetic field. Moreover, neither of these processes require the use of an oscillating electronic input signal, so the generality of the scheme opens up the possibility of several different experimental realizations.
